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This paper  presents  a novel  sparse  dimensionality  reduction  method  of hyperspectral  image  based
on  semi-supervised  local  Fisher  discriminant  analysis  (SELF).  The  proposed  method  is  designed  to  be
especially  effective  for dealing  with  the  out-of-sample  extrapolation  to realize  advantageous  comple-
mentarities  between  SELF  and  sparsity  preserving  projections  (SPP).  Compared  to SELF  and  SPP,  the
method  proposed  herein  offers  highly  discriminative  ability  and  produces  an explicit  nonlinear  feature
parsity preserving projections (SPP)
imensionality reduction
emi-supervised local Fisher discriminant
nalysis (SELF)

mapping  for  the  out-of-sample  extrapolation.  This  is  due  to the  fact  that the  proposed  method  can  get
an  explicit  feature  mapping  for  dimensionality  reduction  and  improve  the  classification  performance  of
classifiers  by  performing  dimensionality  reduction.  Experimental  analysis  on  the sparsity  and  efficacy
of  low  dimensional  outputs  shows  that,  sparse  dimensionality  reduction  based  on  SELF  can  yield  good
classification  results  and  interpretability  in  the  field  of hyperspectral  remote  sensing.
. Introduction

Since hyperspectral images can provide very high discrimina-
ion capabilities due to hundreds of spectral bands, hyperspectral
mages have been broadly applied to the areas of image classifica-
ion (Demir and Erturk, 2007; Fauvel et al., 2008; Ma  et al., 2010;
hen et al., 2008). However, high dimensional characteristic of
yperspectral images will cause increasing computation costs and
emory demands, which is inefficient and undesirable for classifi-

ation task. The problem caused by high number of bands and low
umber of labeled training samples, referred to as the Hughes phe-
omenon (Hughes, 1968; Serpico and Moser, 2007; Hsu, 2007) or
he curse of dimensionality (Bellman, 1961; Chen, 2009), has been
ssociated with remote sensing applications since hyperspectral
ata became available in the late 1980s (Landgrebe, 2003). Since
he original data with redundant and noisy bands cannot be the

ost effective dimensions for representing the hyperspectral data,
imensionality reduction is a critical task for hyperspectral data
lassification.

In recent years, manifold learning as a perfect tool for data

ining has been the main focus of dimensionality reduction.

he representative methods include Isometric Feature Mapping
Isomap) (Tenenbaum et al., 2000), Laplacian eigenmaps (Belkin
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and Niyogi, 2003), Local tangent space alignment (LTSA) (Zhang
and Zha, 2005) and Locally Linear Embedding (LLE) (Roweis and
Saul, 2000), etc. However, these traditional manifold learning algo-
rithms generally suffer from the “out-of-sample” (Trosset and
Priebe, 2008) problem, that is, these algorithms do not provide
a feature mapping (explicit or implicit) to map  new data points
that are not included in the training set into the learned mani-
fold. In order to address this issue by constructing explicit feature
mappings, sparsity preserving projections (SPP) (Qiao et al., 2010)
aims at preserving the sparse reconstructive relations among sam-
ples in a low-dimensional space. Although it belongs to global
methods, it owns local properties due to the sparse representa-
tion procedure. Since SPP is linear and defined everywhere, thus
the “out-of-sample” problem is naturally solved. Besides it does not
have to encounter model parameters such as the neighborhood size
and can be easily extended to semi-supervised scenarios based on
the existing dimensionality reduction framework.

However, SPP mainly focuses on the intra-class geometrical
information and ignores the discriminative information hidden
in the hyperspectral images. Local Fisher discriminant analysis
(LFDA) (Sugiyama, 2007) localizes the evaluation of the within-
class scatter, working well even when within-class multimodality
or outliers exist, and was  shown to compare favorably with other
supervised dimensionality reduction methods through experi-

ments. But the performance of LFDA as a supervised dimensionality
reduction method tends to be degraded when only a small number
of labeled samples are available. Now semi-supervised dimension-
ality reduction as a new issue in semi-supervised learning from

dx.doi.org/10.1016/j.jag.2014.03.015
http://www.sciencedirect.com/science/journal/03032434
http://www.elsevier.com/locate/jag
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oth unlabeled samples and labeled samples is appealing. Semi-
upervised local Fisher discriminant analysis (SELF) (Sugiyama
t al., 2010) is a recently proposed semi-supervised manifold
earning method to exploit both geometrical and discriminant
nformation simultaneously for dimensionality reduction, which
reserves the global structure of unlabeled samples in addition to
eparating labeled samples in different classes from each other. It
as demonstrated better performance than some other manifold

earning methods such as locality preserving projection (LPP) (He
t al., 2005) and LFDA for classification.

Since SELF produces a low dimensional subspace and each basis
f the subspace is a linear combination of all the original features
sed for high dimensional sample representation, the classification
esult cannot be interpreted precisely. The sparse representation
educes the space cost and offers explicit interpretations to new
oordinates. Moreover, sparse representations of samples in the
ame class tend to share the same support set, and thus the sub-
equent classification can be improved. Therefore, in this paper,
e propose a sparse dimensionality reduction method based on

emi-supervised local Fisher discriminant analysis to realize advan-
ageous complementarities between SELF and SPP.

The remainder of the paper is organized as follows. Section 2
rst presents a brief review of the related dimensionality reduction
ethods and then introduces the rationale and formulation of our
ethod. Experimental results and discussions are demonstrated in

ection 3. Finally, Section 4 draws the conclusion of the work.

. Methodology

In this section, we provide a brief review of Fisher discriminant
nalysis (FDA) (Belhumeur et al., 1997), local Fisher discriminant
nalysis, and Semi-supervised local Fisher discriminant analysis,
hich are relevant to subsequent method we propose.

.1. Fisher discriminant analysis

Fisher discriminant analysis (FDA) is a popular supervised
imensionality reduction technique. Let xi ∈ R

d(i = 1, 2, . . .,  n) be
-dimensional samples and yi ∈ {1, 2, . . .,  c} be corresponding class
abels, where n is the number of samples and c is the number of
lasses. Let nk be the number of samples in class k ∈ {1, 2, . . .,  c}:

c

k=1

nk = n (1)

Let X be the matrix of all samples:

 ≡ ( x1| x2 |· · · |xn ) (2)

Let zi ∈ R
r(1 ≤ r ≤ d) be low-dimensional representations of xi,

here r is the dimension of the embedding space. Let S(b) and S(w)

e the between-class scatter matrix and the within-class scatter
atrix:

(b):=
c∑

k=1

nk(�k − �)(�k − �)T (3)

(w):=
c∑

k=1

∑
i:yi=k

(xi − �k)(xi − �k)T (4)

here
∑
i:yi=k

indicates the summation over i such that yi = k and �
s the mean of all samples, �k is the mean of samples in class k:

k = 1
nk

∑
i:yi=k

xi (5)
bservation and Geoinformation 31 (2014) 122–129 123

The FDA transformation matrix T(FDA) is defined as

T (FDA) = arg max
T∈Rd×r

[tr(TT S(b)T(TT S(w)T)
−1

)] (6)

The total scatter matrix S(t) is defined as

S(t) = S(b) + S(w) (7)

2.2. Local Fisher discriminant analysis

Local Fisher discriminant analysis is a supervised dimensionality
reduction method, which overcomes the weakness of the original
FDA against within-class multimodality or outliers.

Let S(lb) and S(lw) be the local between-class scatter matrix and
the local within-class scatter matrix:

S(lb):=1
2

n∑
i,j=1

Wlb
i,j(xi − xj)(xi − xj)

T (8)

S(lw):=1
2

n∑
i,j=1

Wlw
i,j (xi − xj)(xi − xj)

T (9)

where T denotes the transpose of a matrix or vector, and Wlb and
Wlw are the n × n matrices with

Wlb
i,j:=

{
Ai,j(1/n − 1/nyi

) if yi = yj

1/n if yi /= yj

(10)

Wlw
i,j :=

{
Ai,j/nyi

if yi = yj

0 if yi /= yj

(11)

where Ai,j is the affinity value between xi and xj based on the local
scaling heuristic (Zelnik-Manor and Perona, 2004):

Aij =

⎧⎨
⎩ exp

(
−d2(xi, xj)

�i�j

)
, if xi ∈ N(xj) or xj ∈ N(xi),

0, otherwise,

(12)

where d2(xi, xj) is the distance from xi to xj, � is the local scaling
parameter and N(xi) is the set of k nearest neighbors of xi.

The LFDA transformation matrix T(LFDA) is defined as

T (LFDA):=arg max
T∈Rd×r

[]
[

tr(TT S(lb)T(TT S(lw)T)
−1

)
]

(13)

Eq. (13) can be maximized directly by calculating the general-
ized eigenvectors of the following generalized eigen equation

S(lb)T = �S(lw)T (14)

LFDA seeks a transformation matrix such that the local between-
class scatter in the embedding space is maximized and the local
within-class scatter in the embedding space is minimized.

2.3. Semi-supervised local Fisher discriminant analysis

SELF is a new dimensionality reduction method for semi-
supervised learning scenarios. SELF smoothly bridges the LFDA and
PCA so that the global structures of all points as well as local struc-
tures defined by a small number of labeled data can be controlled.

SELF tries to find a projection which maximizes the regularized
local between-class scatter and minimizes the regularized local
within-class scatter in the embedding space. So, a reasonable cri-
terion for choosing a good map  is to optimize the following two

objective functions

max  TS(rlb)TT

min  TS(rlw)TT
(15)
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here S(rlb) and S(rlw) are the regularized local between-class scatter
atrix and the regularized local within-class scatter matrix respec-

ively:

S(rlb) = (1 − ˇ)S(lb) + ˇSt

S(rlw) = (1 − ˇ)S(lw) + ˇI
(16)

here I is the identity matrix, St is the total scatter matrix, and
 ∈ [0, 1] is a tradeoff parameter.

.4. Sparse dimensionality reduction based on SELF

SPP firstly seeks a sparse coefficient vector si for each xi which
atisfies xi = Xsi through the following modified L1-norm optimiza-
ion problem:

in
∥∥si

∥∥
1

s.t.
∥∥y − Xsi

∥∥ < ε 1 = eT si (17)

here ε is used to control the reconstructive error and si = [si,1, . . .,
i,i−1, 0, si,i+1, . . .,  si,n]T is a n-dimensional vector in which the ith
lement is equal to zero. That is to say, the xi is removed from X.
nd the elements si,j(i /= j) denote the contribution of each xj to
econstruct xi. e is a vector of all ones. Then the optimal weight
ector s̃i obtained from Eq. (17) is used to the following objective
unction:

min
n∑

i=1

∥∥wT xi − wT Xsi

∥∥2

= min  wT X(I − S − ST + SST )XT w

s.t. wT XXT w = 1

(18)

here S = [s̃1, s̃2, . . ., s̃n] and wT XXT w = 1 can be regarded as a con-
traint to guarantee stable solution. Eq. (18) can be written in a
atrix form as:

in
wT X(I − S − ST + SST )XT w

wT XXT w
(19)

And, the optimal of SPP are the eigenvectors of the following
eneralized eigenvalue problem:

T X(I − S − ST + SST )XT w = �wT XXT w (20)

The minimization problem of SPP can further be transformed to
n equivalent maximization issue:

ax
wT X(S + ST − SST )XT w

wT XXT w
(21)

We propose the following formula to solve the following gener-
lized eigenvalue issue:

(�)
 ̨ = �S(�)

 ̨ (22)

here S(�) = S + ST − SST. In order to combine the SPP and SELF, we
stablish the new objective function as follows:

 = max  TS(rlb)TT S(�) (23)

Subject to the constraints

S(rlw)TT = 1 and wT XXT w = 1 (24)

Thus, the maximum of the objective function F is calculated
sing the Lagrange multiplier method, the Lagrange function is
btained as follows:
(F) = TS(rlb)TT S(�) − �1(TS(rlw)TT − 1) − �2(wT XXT w − 1) (25)

Then the following generalized eigenvalue issue can be solved:

(mrlb)
 ̨ = �S(mrlw)

 ̨ (26)
Fig. 1. Sample band of Pavia University.

where S(mrlb) and S(mrlw) are the modified local between-class
scatter matrix and the modified local within-class scatter matrix
respectively:

S(mrlb) = S(rlb)S(�) + ıwT w (27)

S(mrlw) = S(rlw) + ıwT w (28)

where ı ∈ [0, 1] is a trade-off parameter. When ı = 0, the algorithm
tends to SELF, and when ı = 1, the algorithm tends to SPP. In general,
the new algorithm with 0 < ı < 1 inherits the characteristics of both
SELF and SPP.

3. Experimental results and discussions

3.1. Classification of Pavia University image and Indiana Pines
image

3.1.1. Dataset
In this experiment, we use Pavia University image and Indiana

image to validate the validity of our algorithm.
Pavia University data was  collected by the ROSIS sensor during

a flight campaign over the Pavia district in north Italy. 103 spectral
bands were used for data acquisition in this dataset comprising
of 340 × 610 pixel images with a geometric resolution of 1.3 m.  A

sample image has been portrayed in Fig. 1, with the ground truth
map  in Fig. 2.

AVIRIS hyperspectral image of Indiana Pines consists of
145 × 145 pixels by 220 bands of radiance data with about
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Table  1
Classification accuracy of Pavia University based on different methods.

Class SPP SELF Our method

Production accuracy User accuracy Production accuracy User accuracy Production accuracy User accuracy

Asphalt 40 52.17 73.33 75.86 86.67 100
Meadows 91.3 87.5 86.96 100 95.65 100
Gravel 85.71 60 85.71 60 100 82.35
Trees  95.24 100 95.24 100 100 100
Painted metal sheets 100 100 100 100 100 100
Bare  Soil 84.21 88.89 100 90.48 100 95
Bitumen 65 52 95 95 100 90.91
Self-Blocking Bricks 70.27 78.79 67.57 73.53 94.59 97.22
Shadows 100 96.77 100 100 100 100
Overall accuracy 79.05% 87.14% 96.67%

0.8541 0.9621

t
n
r
i
F

3

t
d

Kappa coefficient 0.7618 

wo-thirds agriculture, and one-third forest or other natural peren-
ial vegetation. We  have reduced the number of bands to 200 by
emoving bands covering the region of water absorption. A sample
mage has been portrayed in Fig. 3, with the ground truth map  in
ig. 4.
.1.2. Experimental results and discussion
In this paper, we determine the target dimensionality in

he experiments by means of the maximum likelihood intrinsic
imensionality estimator (Levina and Bickel, 2004). The intrinsic

Fig. 2. Ground truth of Pavia University.

Fig. 3. Sample band of Indiana Pines.

Fig. 4. Ground truth of Indiana Pines.
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Fig. 5. Classification maps of Pavia University based on different methods.

Table 2
Classification accuracy of Indiana Pines based on different methods.

Class SPP SELF Our method

Production accuracy User accuracy Production accuracy User accuracy Production accuracy User accuracy

Alfalfa 100 100 100 100 100 100
Corn-notill 27.59 88.89 48.28 66.67 75.86 88
Corn-mintill 50 58.33 57.14 66.67 100 87.5
Corn  25 5.56 100 80 100 100
Grass-pasture 45.45 83.33 100 78.57 90.91 90.91
Grass-trees 100 81.82 94.44 94.44 100 94.74
Grass-pasture-mowed 100 100 100 100 100 100
Hay-windrowed 100 100 100 100 100 100
Oats  70 100 100 100 100 100
Soybean-notill 33.33 54.55 72.22 65 100 69.23
Soybean-mintill 70.97 55 70.97 66.67 64.52 83.33
Soybean-clean 55.56 35.71 77.78 63.64 100 100
Wheat 100 66.67 100 100 100 100
Woods 100 60 100 100 100 100
Buildings-Grass-Trees-Drives 66.67 80 83.33 83.33 100 100
Stone-Steel-Towers 100 100 100 100 100 100
Overall accuracy 63.78% 78.92% 89.73%
Kappa  coefficient 0.6046 0.7681 0.8871

Fig. 6. Classification maps of Indiana Pines based on different methods.
Fig. 7. Sample band of the Real-World Hyperspectral Image.
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Fig. 8. Feature maps of Real-World Hyper

imensionality of data is the minimum number of parame-
ers needed to account for the observed properties of the data
Fukunaga, 1990). Then, the intrinsic dimensionality of the Pavia
niversity scene and Indian Pines are calculated as 11 and 10

espectively.
In order to investigate the performances of our method,

e adopt minimum distance classifier to verify the classifi-
ation results after dimensionality reduction. The classification
esults based on our method with SPP and SELF are compared
espectively. Table 1 shows the classification accuracy of Pavia

niversity scene and Fig. 5 shows the corresponding classifica-

ion maps. And Table 2 illustrates the classification accuracy of
ndiana Pines and Fig. 6 displays the corresponding classification

aps.
bservation and Geoinformation 31 (2014) 122–129 127

ral Image after dimensionality reduction.

With figures and maps above we can make the following con-
clusions:

1) SPP performs the worst. The reason is that SPP is an unsupervised
linear dimensionality reduction method and the separability
cannot be expressed in its linearly projected feature space due to
small spectral difference. However, there are several significant
gaps among different class accuracy in the classifier based on
SPP. For example, in Pavia University some production accuracy
of Painted metal sheets and user accuracy of Trees are higher

than classifier based on SELF. Classifier based on SPP has high
classification accuracy for some special classes such as Mead-
ows  and Self-Blocking Bricks, which is mainly because of the
sparsity for these special classes.



1 arth O

2

3

t
f
t
a
s
i
m
i
c
s

3

3

I
o

d
u
u
r
a
b
e

3

H

p
S
a
f

p
r
f
s
K
m
t
b
d
f
c
A
a

28 Z. Shao, L. Zhang / International Journal of Applied E

) SELF as a semi-supervised dimensionality reduction improves
the classification ability by utilizing both labeled samples and
unlabeled samples. In most cases, classifier based on SELF can
obtain higher classification accuracy than that based on SPP.
Since classifier based on SELF has low classification accuracy for
some special classes, SPP and SELF have different advantages in
dimensionality reduction. The above table also implies that SPP
and SELF can compensate for each other’s weaknesses.

) Our method achieves best classification results. The overall accu-
racy is higher than other methods. Our method can own  both
advantages of SPP and SELF, which makes classification results
effective and robust. This result is mainly because that our
method can not only use both the geometrical and discriminant
information simultaneously for dimensionality reduction, but
also preserve the sparse reconstructive relations among samples
in a low-dimensional space.

In assessing the dimensionality reduction approaches we note
hat the results for the Indiana Pines image are different from those
or the University of Pavia image. For the Indiana Pines image,
he classification accuracy of our method is improved about 25.95
nd 10.81% respectively, which is higher than that of the Univer-
ity of Pavia image. This can be explained that the Indiana Pines
mage contains more spectral bands. In this case, it appears to be

ore appropriate to do classification by performing dimensional-
ty reduction. The above obtained results show that our method
an improve the classification accuracies of hyperspectral images
ignificantly.

.2. Classification of Real-World Hyperspectral Image

.2.1. Dataset
In addition to the results noted above, Real-World Hyperspectral

mage is adopted (Chakrabarti and Zickler, 2011) to test the validity
f our algorithm.

The Real-World Hyperspectral Image database adopted is a
atabase of fifty hyperspectral images of indoor and outdoor scenes
nder daylight illumination, and an additional twenty-five images
nder artificial and mixed illumination. Each image has a spatial
esolution of 1392 × 1040 with thirty-one spectral measurements
t each pixel. A sample image choosed as experimental data has
een portrayed in Fig. 7. In this experiment, we compare the feature
xtraction results based on each dimensionality reduction method.

.2.2. Experimental results and discussion
In this experiment, the intrinsic dimensionality of Real-World

yperspectral Image is calculated as 6.
In order to investigate the performances of our method, we com-

are the feature extraction based on our method with SPP and
ELF respectively. The left of Fig. 8 shows the corresponding maps
fter dimensionality reduction. And the right of Fig. 8 illustrates the
eature extraction maps based on the left maps.

In order to extract features, this experiment is the combined
rocess of segmenting the Real-World hyperspectral image into
egions of pixels, computing their spectral and spatial attributes
or each region to create objects, and classifying the objects with
upervised classification based on attributes. In this experiment,

 nearest neighbor is adopted as the supervised classification
ethod. Experimental results show that the method proposed in

his paper can eliminate image noise effectively. Since the separa-
ility cannot be expressed in the linearly projected feature space
ue to small spectral difference, SPP cannot distinguish object

eature from the background effectively and it needs to add dis-
riminant information to extract object features from background.
lthough several feature points are choosed as labeled samples
nd SELF can make features characteristic, some background areas
bservation and Geoinformation 31 (2014) 122–129

are extracted as object feature too. Thus SELF needs improvement
to eliminate image noise. The method proposed in this paper can
use both sparsity and discriminant information to extract features
and obtain better result, which shows that our method is not only
suitable for classification but also for feature extraction.

4. Conclusion

In this paper, a sparse dimensionality reduction method based
on semi-supervised local Fisher discriminant analysis is proposed
to realize advantageous complementarities between SELF and SPP,
which can get an explicit feature mapping for the out-of-sample
extrapolation and improve the classification performance of clas-
sifiers by performing dimensionality reduction. And this method
also applies to feature extraction. The advantages of the proposed
method are that it has highly discriminative ability and produces an
explicit nonlinear feature mapping for the out-of-sample extrapo-
lation. Meanwhile, as a semi-supervised method, it utilizes both
labeled and unlabeled points simultaneously to help improve the
classification ability of hyperspectral image. Experiments prove the
method proposed outperforms SPP and SELF. However, due to the
characteristics of the maximum likelihood intrinsic dimensionality
estimator, it may  select target dimensionalities that are subopti-
mal  in the sense which do not minimize the generalization error of
the trained classifiers, which will become a study emphasis in our
further research.
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